We investigate the effect of inhomogeneity on primordial black hole formation in the matter dominated era. In the gravitational collapse of an inhomogeneous density distribution, a black hole forms if apparent horizon prevents information of the central region of the configuration from leaking. Since information cannot propagate faster than the speed of light, we identify the threshold of the black hole formation by considering the finite speed for propagation of information. We show that the production probability β inhom (σ) of primordial black holes, where σ is density fluctuation at horizon entry, is significantly enhanced from that derived in previous work in which the speed of propagation was effectively regarded as infinite. For σ ≪ 1, we obtain β inhom ≃ 3.70σ 3/2 , which is larger by about an order of magnitude than the probability derived in earlier work by assuming instantaneous propagation of information.
Introduction
Primordial black holes (PBHs) are black holes which may have formed in the early universe. Masses of such black holes can take quite a broad range, e.g., they can be smaller than the mass of the Sun [1, 2, 3, 4] . PBHs can be used as probes into gravitational collapse, the early Universe, high energy physics, dark matter, gravitational waves and quantum gravity (see Refs. [5, 6, 7, 8] 
for reviews).
Most studies on PBHs have focused attention on the formation in the radiation dominated era, see, e.g., Ref. [9] and references therein. On the other hand however, PBHs can be also formed in matter dominated eras, which have also been intensively investigated recently [10, 11, 12, 13] .
In addition to the well-known matter dominated era after the matter-radiation equality in the standard big-bang cosmology, pressure-less matters could have dominated the density of the Universe in some periods of the cosmological history earlier than the Big-bang nucleosynthesis (BBN) epoch, e.g., in scenarios beyond the standard model. For example, in modern scenarios of inflationary cosmology [14] , we naturally expect a matter dominated era by the oscillating inflaton field which had induced inflation. The oscillation era of the inflaton field follows the end of inflation until the reheating of the Universe. The Universe was reheated through thermalization processes of daughter particles produced by decays of inflaton field. The energy density of such a scalar field oscillating at its vacuum expectation value with its mass term behaves like pressure-less matter. Then, the early matter dominated era is realized soon after the inflaton field starts its oscillation. In addition to the inflaton field, more concretely in supergravity or superstring theory which is expected to be a candidate of unified theories beyond the standard model, there exist a lot of massive long-lived scalar fields such as moduli or dilatons [15, 16, 17] . Their lifetime tends to be quite long due to their decays only through gravitational interaction. Then, the early matter dominated era by the oscillation energies of these fields can continue until just before the BBN epoch with its minimally-possible mass of the order of weak scales.
Then, it is a crucial subject to investigate a mechanism of PBH formation in this kind of the early matter dominated era in the scenarios beyond the standard model. In this paper we recast possible changes of the constraints on the amount of PBHs, which come from differences of the formation rates between radiation and matter domination eras. In addition, the existence of this early matter dominated era changes a relation between the mass of the PBHs and the wave number k [18] of the fluctuation at which the horizon crosses. These effects can be commonly treated by introducing a new parameter, T R , which is the reheating temperature after the end of the early matter domination [19, 20] .
One may speculate that, unless baryonic processes play a significant role at small scales, any density perturbations in the matter-dominated era lead to formation of a black hole because of the pressure-less property of dust. Such a speculation however needs the following revisions: PBH formation in matter dominated era is governed by the three effects, namely, anisotropy, spin and inhomogeneity of density perturbations.
For the cases that the density fluctuation σ at horizon entry is sufficiently small, the effect of anisotropy of density perturbations have been investigated. Ref. [10] reported that nearly spherical density perturbations can form PBHs. On the other hand, aspherical collapse of perturbations results in two-dimensional "pancake" singularity and then if the particle picture is adopted these perturbations are virialised which prevents them from becoming black holes.
The effect of the spin on PBH formation was investigated in Ref. [11] . A rotating perturbation results in a rapidly rotating PBH if the period of matter dominanted era is long enough. The PBH production rate in the matter dominated era is larger than that in the radiation dominated era for σ 0.05, while they are comparable for 0.05 σ 1.
The effect of inhomogeneity was investigated by Khlopov and Polnarev [12, 13] . As mentioned, only nearly spherical perturbations can become black holes when σ is small enough. For spherically symmetric density distributions, the effect of inhomogeneity can be investigated by taking an exact solution to the Einstein equation known as Lemaître-Tolman-Bondi (LTB) spacetime. This spacetime is a general solution describing spherically symmetric inhomogeneous dust collapse. Since this solution is exact, we can follow time evolutions of inhomogeneous dust in a non-perturbative manner. The LTB solution has also been used as a model of PBH in Refs. [21, 22] .
In the LTB spacetime, from physically reasonable initial data, an apparent horizon forms in a collapsing mass. Moreover, falling dust particles lead to forming a curvature singularity at the center in a finite time. The two features, the horizon formation and the singularity formation, determine the final state of the collapsing mass: If the horizon is formed "earlier than" the singularity, the collapsing mass becomes a black hole. Otherwise, if the classical picture of general relativity is applicable even at the central region, a naked singularity will form at the central region, which is not covered by a horizon. By comparing the time of the horizon formation and the singularity formation, one can identify a threshold for black hole formation. That was the basic idea proposed by Polnarev and Khlopov in Ref. [13] to investigate PBH formation in the matter dominated era.
What really occurs in the central region is unclear. One possibility is the formation of a singularity and it is inevitable as far as the LTB solution is adopted. Another possibility is a change of the property of falling dust as suggested by Polnarev and Khlopov. In their scenario the nature of the particles changes from dust to radiation because the velocity dispersion of particles become large when particles are condensed at the central region. They insisted that the gravitational collapse was stopped by the pressure of radiation and the collapsing particles did not become a black hole. They also mentioned a scenario of a dispersion of dust particles, which prevents a black hole formation if the particle picture is adopted. When the particles fall into the central region, they pass through each other and disperse again. This process also could prevent a density distribution from forming a black hole. As mentioned above, the result of gravitational collapse would have many possibilities in the vicinity of the center. But whatever happens at the center, if that information is hidden behind the horizon before information reaches us, the collapsing matter will become a black hole. In this article, we collectively call these possibilities (naked singularity, virialized configuration, radiation or dispersion of the dust particles, etc.) the naked singularity.
Although Polnarev and Khlopov have given the condition of black hole formation, it does not take the propagation of information into account. We emphasize that we should treat the notion of "earlier than" more carefully; to compare the time of two spatially distant events, the duration of causal propagation between the events must be taken into account. To treat black hole formation appropriately, we must consider the time of information propagating from the center to a characteristic radius of the configuration. Since any information propagates at most with the speed of light, the lower bound on the probability of PBH formation is obtained by tracking the null geodesic emanating from the central region to the characteristic radius. In this paper, we derive a new criterion of PBH formation with taking the propagation of information along null geodesics into account.
The paper is organized as follows: In Sec. 2, relativistic treatment of inhomogeneous dust configuration is introduced. We also review previous study on PBH formation in the matter dominated era. In Sec. 3, we investigate null geodesic in LTB spacetime to derive an improved criterion for PBH formation. Sec. 4 gives PBH production probability. Sec. 5 is dedicated to summary and discussions. We adopt c = G = 1 unit and diag(−, +, +, +) signature of the metric throughout the paper.
Collapse of inhomogeneous density distribution
In this section we introduce the LTB spacetime, an exact solution of the Einstein equation, which can describe gravitationally-collapsing inhomogeneous dust sphere. By using this model, we reinterpret the criterion of PBH formation originally derived in Ref. [13] . We emphasize that our derivation does not depend on the specific form of the initial density profile.
Lemaître-Tolman-Bondi spacetime
The collapse of a spherically symmetric dust configuration is described by the LTB spacetime [23, 24, 25] ,
where ′ := ∂/∂r, f (r) is a function determined by the initial condition and R := R(t, r) is the areal radius of a sphere at the time t and the coordinate r. The stress-energy tensor for the dust is given by, T µν = ρ(t, r)u µ u ν , where ρ(t, r) is the energy density of the dust and u µ is its four velocity. Greek indices run over t, r, θ and φ. The metric and stress-energy tensor give us non-trivial components of the Einstein equations as
where˙:= ∂/∂t. By integrating Eq. (3) with respect to t, we obtaiṅ
where
is an arbitrary function of r at this stage. By substituting Eq. (4) into Eq. (2), we obtain
Since the left hand side of Eq. (5) is independent of t, the right hand side is also time independent, i.e., 8πρ(t, r)R 2 R ′ is conserved in time. By imposing R g (0) = 0, integration of Eq. (5) yields
with t i being the initial time when the collapse begins. Through the definition of Misner-Sharp mass m [26] , we obtain
where ∇ α is the covariant derivative. The last equality in Eq. (7) is obtained through Eq. (4) . Equation (7) shows that R g (r) is equal to the gravitational radius of the dust contained in r. Time evolution of the areal radius R(t, r) of each shell is determined implicitly by integrating Eq. (4) as
Here, t s (r) is the trajectory of a singularity, at which R(t s (r), r) becomes zero and Kretschmann's scalarinvariant R αβγσ R αβγσ diverges. The general form of F (y) is given in Ref. [29] . We consider the configuration which begins to collapse at the initial time, i.e.,Ṙ(t = t i , r) = 0. Then, F (y) is given by
Gravitational collapse
Let us consider the collapse of a density distribution in full general relativity using the LTB solution.
Without loss of generality we can set the initial time t i to be zero. We also rescale the radial coordinate as R(0, r) ≡ r. From these settings and Eq. (4), we identify f as
Then the equation of motion reduces to
By setting t = 0 in Eq. (11), we first derive the trajectory of singularity t s (r) as
.
Next, we investigate behavior of the apparent horizon. Let us denote the time when the shell with r becomes trapped as t ah (r). The apparent horizon is identified as the location where ∇ α R∇ α R = 0, i.e., the place where the constant R surface becomes null [27] . The trajectory of the apparent horizon is obtained by substituting R g (r) = R(t ah (r), r) obtained by Eq. (7) into Eq. (11) as
To simplify equations, we introduce a parameter x,
where r 1 is the radius of the surface of the confiuguration (we will introduce r 1 again in section 3 with slightly modified definition) and the mean density of the initial matter distributionρ(0, r) inside r,
Since x is the ratio of gravitational radius of the configuration to its radius at the initial state, it characterizes the compactness of the configuration. Eq. (14) and Eq. (15) are combined to yield
By using new parameters, we recast Eq. (12) and Eq. (13) evaluated at r = r 1 as
Criterion of PBH formation due to Polnarev-Khlopov
Based on an argument using LTB spacetime, Polnarev and Khlopov derived a criterion of the PBH formation [13] . They assumed that the PBH is formed if
is satisfied. According to Ref. [13] , when the radius r 1 of a configuration is much larger than its gravitational radius R g (r 1 ), i.e., x ≪ 1, Eq. (19) reduces to the following inequality:
where u is inhomogeneity of a density distribution defined by
We show that the proportionality coefficient of x 3/2 in Eq. (20) can be determined without identifying the form of the density profile. By substituting Eq. (17) and Eq. (18) into the inequality (19), we obtain
Eq. (22) 
u ≪ 1 is required for this inequality to be satisfied, i.e., only nearly homogeneous configurations can collapse to black holes. If Eq. (24) is not satisfied, the gravitational collapse results in naked singularities. The power x 3/2 in Eq. (24) agrees with Eq. (20) derived in Ref. [13] , and the proportionality coefficient is derived here for the first time. Eq. (24) is the criterion of PBH formation in the case where the finite speed of information is not considered. We will point out insufficiency of the criterion of Eq. (24) in the next section.
Improved criterion of PBH formation
In this section we obtain an outgoing radial null geodesic propagating from the central singularity to the surface of a density distribution. Polnarev and Khlopov adopted the condition of PBH formation, Eq. (19) , that compares two characteristic times on a collapsing configuration. However, this condition misses an important case which would contribute to PBH formation: Since this condition compares two spatially distant points in a specific coordinate time, the case where an apparent horizon is formed before the signal from the central singularity reaches the surface of the configuration is excluded and the rate of PBH formation is underestimated. Hence we derive an improved criterion including the effect of the signal speed. In this calculation we take the initial density profile to be
where n is a natural number. r * measures the length scale of inhomogeneity of the density distribution. We introduce another length parameter r 1 , the radius of a density region higher than the surrounding Friedmann-Lemaître-Robertson-Walker background. r 1 and r * are independent. The profile of Eq. (25) applies up to the radius r 1 . For r 1 /r * = 0, this distribution is homogeneous, while it is highly inhomogeneous for r 1 /r * = 1. Figure 1 (a) explains r 1 , r * , and ρ 0 in a schematic manner. It is known that black hole forms for n ≥ 4 irrespective of ρ 0 and r * [29] . For n = 1 and 2, the central singularity is at least locally naked, i.e., there are outgoing null geodesics that terminate in the past at the central singularity. Nakedness depends on ρ 0 and r * for n = 3 (see Ref. [29, 30, 31] for the details). We define that a configuration becomes a naked singularity if a null geodesic emanating from the center of the configuration reaches r = r 1 1 . As mentioned in introduction, we should consider the time that a null geodesic takes to propagate from the center to the surface of the configuration, i.e., we need to deal with a null geodesic propagating between two characteristic radii, r = 0 and r = r 1 . By introducing the equation of the null geodesic as t = t null (r) with t null (0) = t s (0), we refine Eq. (19) as
Equation of radial null geodesics in LTB spacetime
From Eq. (1), outgoing radial null geodesics are found to obey the equation
As we consider momentarily static cases and have set R(0, r) ≡ r, by use of Eq. (10), Eq. (27) reduces to
On the other hand, the total derivative of R(t, r) is obtained as
Ṙ and R ′ are given by differentiation of Eq. (11). Since we are interested in R(t null (r), r), which corresponds to the areal radius evaluated on the outgoing null geodesic, we can write
3.2 Null geodesics from r = r 1 to r = 0
To derive a criterion of PBH formation, we numerically investigate the gravitational collapse. For convenience, we define dimensionless variables and parameters as follows:
whereρ 0 is a scaled initial central density:ρ
The parameter α 1 takes 0 ≤ α 1 ≤ 1 and characterizes the degree of inhomogeneity. When α 1 = 0 the configuration is completely homogeneous, while α 1 ≃ 1 indicates a highly inhomogeneous configuration. The gravitational radiusR g (r), given in a dimensional form in Eq. (6), under the density profile Eq. (25) is written byR
The compactness x and inhomogeneity u are then written as
α 1 measures the inhomogeneity of the configuration, and u ∝ α n 1 when α 1 ≪ 1. α 2 measures the compactness of the high density region of the configuration (see Fig. 1 (b) ).
The equation of motion of each shell, trajectory of the singularity t s and trajectory of the apparent horizon t ah can be reduced to a dimensionless form as
2 A(r) .
As a simple example, we take the gravitational collapse of a homogeneous configuration and show how t s ,t andt ah behave. This collapse is known as the Oppenheimer-Snyder collapse [28] and is described by taking α 1 = 0. In this case t = t s (r) and t = t ah (r) behave typically like Fig. 2 . From the figure, one can see that the surface r = r 1 is trapped first and the smaller radius is trapped later. The center is trapped last. The center becomes singular after the surface r = r 1 becomes trapped. Indeed, one finds from Eq. (38) thatt ah (0) =t s (0). Hence the collapse with complete homogeneity, the Oppenheimer-Snyder model, leads to a black hole formation. We integrate the ordinary differential equation for R null , Eq. (30), and substitute the solution into Eq. (36) to obtain the null geodesic. We compute ∂R/∂r and ∂R/∂t by differentiating Eq. (36) as
Then we derive the differential equation forR(t null (r),r), the areal radius along null geodesics, as
R(t null (r),r) 1 −R(t null (r),r)/r 1 −R g (r)/r
Because Eq. (41) is in general not analytically solvable, we integrate it numerically. In order to investigate whether information from the central singularity reaches the surface r = r 1 at a time when the surface is covered by the apparent horizon, we emit lights from the surface r = r 1 to the center r = 0 in the past direction 2 . Thus, the boundary condition we impose is
The critical situation separates the collapse scenario into two cases, that is, the black hole formation and the naked singularity formation. Figure 3 depicts the difference among the black hole formation, the naked singularity formation and the critical situation 3 . For the black hole formation, an observer fixed at the surface of the configuration sees a regular center. For the naked singularity formation, the observer would see the central singularity. The critical situation is the case that the observer would marginally see the central singularity, which separates the fate of a collapse into black hole formation and singularity formation.
Whether PBH forms or not depends on the set of the two parameters (α 1 , α 2 ). We search the sets of α 1 , α crit 2 (α 1 ) where α crit 2 (α 1 ) corresponds to the critical situation for a given value of α 1 . The critical set of parameters α 1 , α crit 2 (α 1 ) can be translated to x(α 1 , α crit 2 (α 1 )), u(α 1 ) via Eq. (34) and Eq. (35). We show typical behaviors of null geodesics with typical parameters in Fig. 4 . A physical interpretation on typical behaviors of null geodesics is following; Fig. 1 (b) shows that smaller values of α 2 indicate the smaller size of configurations for fixed α 1 and ρ 0 . Since null geodesics emanating from the center easily escape to infinity when the size of configuration is small, small values of α 2 help to form naked singularities.
Result
We show the critical set of parameters α 1 , α crit 2 (α 1 ) , which is subsequently used to improve the PBH formation criterion. For numerical calculation under the profile Eq. (25), we took n = 2 since this power is generic if we assume that the density field is regular. In Fig. 5 (a) , we plot the critical points x(α 1 , α crit 2 (α 1 )), u(α 1 ) in (x, u) plane. These points correspond to the critical situation in Fig. 3 . For the range 0 < x < x c ≃ 0.147, we found that our numerical result can be fitted well by a rational function f 2 (x) drawn in Fig. 5 (a) as 
to the leading order of x. Eq. (45) is plotted in Fig. 5 (b) . All the region of (x, u) below the interpolating function results in PBH formation, while the region above it results in a naked singularity formation. We found that the interpolating function is monotonically increasing and diverges at x = x c . Beyond x c there is no critical point and this means any configuration forms a black hole.
From the agreement of Eq. (45) with numerical results depicted in Fig. 5(b) , we found that the relation f 2 (x) ∝ x 3/2 derived by Khlopov-Polnarev agrees well with our numerical result for sufficiently small x, while the normalization depends on the proportionality coefficient. Let us compare Eq. (45) with Eq. (24) . The coefficients of the two functions are 0.85 and 7.00, respectively. This difference is caused by the finite speed of a signal propagating from the central region to the surface of a configuration. The signal speed is taken into account in Eq. (45), while it is not in Eq. (24).
PBH Production Probability
In this section we evaluate the probability of PBH formation as a function of the standard deviation σ of cosmological density perturbation. We denote the production probability derived by considering only the effect of inhomogeneity as β inhom . We mainly focus on β inhom and comment on the probability including β aniso , the probability associated with the effect of anisotropy of collapsing matters, in the last part of this section.
We evaluate β inhom and compare the probability derived with our criterion of PBH formation with that derived by the criterion of Ref. [13] . To compare them, it is convenient to use W (x), a production probability in terms of x. We assume the Gaussian distribution restricted to u ≥ 0 for inhomogeneity following previous researches [12, 13] . For our configuration model, Eq. (25), W (x) is given by
where Erf(X) is the error function and u max is the maximum value of u that allows PBHs to form. In Ref. [12, 13] , Σ ∼ 1 was assumed. Since there is no affirmative reason to take Σ ∼ 1, we leave Σ as it is (22) which is derived in Ref. [12] . (b) Close-up of the figure (a) around the origin. The solid curve is given by Eq. (45) where the power-law index is derived by the previous study [12] without identifying the proportionality coefficient. It is also derived in this study as Eq. (22), shown by dashed curves.
in the formulation. We first evaluate W inst (x) in which the signal propagation is effectively assumed to be instantaneous. By substituting Eq. (22) into Eq. (46), we obtain
Since any configuration with x ≥ 1 represents a black hole at the initial state, W inst (x ≥ 1) = 1 is trivial. We next evaluate W caus (x) in which the signal speed is taken into account, i.e., causality is considered. In this case, by using Eq. (43) we obtain
Eq. (47) and Eq. (48) are plotted in Fig. 6 . This figure shows that W caus goes to unity at smaller values of x than W inst does. Only in carrying out calculations we assume Σ = 1 following Ref. [12] . 
PBH production probability with inhomogeneity
To derive a production probability β inhom of PBHs, we must specify a relation between the parameter x and δ H , the value of cosmological density perturbation when the configuration enters the Hubble horizon.
It is shown in Ref. [10] that (see their Eq. (17))
for x ≪ 1. On the other hand, the PBH production probability β inhom (σ) from inhomogeneous configurations, where σ is the standard deviation of δ H , is obtained by using Eq. (46) as
Here, we first derive the production probability β inst inhom (σ) by assuming instantaneous propagation of information by substituting Eq. (47) into Eq. (50) as
In the derivation of β inst inhom , we simply applied Eq. (49) for x ∼ 1, although there is no guarantee that such an extrapolation is justified. Next, we derive the production probability including causal propagation of information by substituting Eq. (48) into Eq. (50) as
where δ H (x c ) ≈ 0.11. In the derivation of β caus inhom , unlike the derivation of β inst inhom , we may safely use Eq. (49) because x c ≃ 0.1 is not so large compared to unity.
We plot β inst inhom (σ) and β caus inhom (σ) in Fig. 7 with the assumption Σ = 1. As seen from the figure, both β caus inhom and β inst inhom are monotonically increasing functions of σ. The figure also shows that β inst inhom < β caus inhom . For σ ≪ 1, β caus inhom is larger by about an order of magnitude than β inst inhom . Each production probability seems to be approximated by a power law with a common index (see below). For σ ∼ O(1), the difference between β inst inhom (σ) and β caus inhom (σ) decreases, because all the configuration forms a black hole.
Semi-analytic formula
We derive a semi-analytic formula of β caus inhom for σ ≪ 1. In this case, the second term of Eq. (52) vanishes because δ H (x c )/σ ≫ 1. Only the integration range 0 < δ H ≪ 1 contributes substantially to the first term. Then, with the use of Eq. (45), β caus inhom reduces to
where y := δ H /σ and Γ(X) is the gamma function. In the same way, β inst inhom (σ) for σ ≪ 1 is obtained as
The power 3/2 in Eq. (53) and Eq. (54) was derived by Khlopov and Polnarev [12, 13] . The approximated function of Eq. (53) is valid up to σ ∼ 0.05, while Eq. (54) is valid up to σ ∼ 0.1. Figure 7 : Production probability β inhom (σ) of PBH by collapsing inhomogeneous density distributions in the matter dominated era, where σ is the standard deviation of density distributions. Note that this probability includes only the effect of inhomogeneity. The effects of anisotropy and spin are not included. The purple curve represents the probability β inst inhom which does not include the effect of the signal speed, while the red curve is β caus inhom in which the signal speed is considered. We found both β caus inhom and β inst inhom are monotonically increasing functions of σ. The figure shows that β inst inhom < β caus inhom . For σ ≪ 1, β caus inhom and β inst inhom can be approximated by 3. We also derive an analytic formula of β caus inhom for σ ∼ O(1). In this case the second term of Eq. (52) becomes dominant, i.e.,
We plot Eq. (53), (54) and (55) with the assumption Σ = 1 in Fig. 7 .
Production probability including inhomogeneity and anisotropy
Here, we comment on the production probability including inhomogeneity and anisotropy effects. We have calculated PBH production probability incorporating only the effect of inhomogeneity, β inhom . The probability incorporating the effect of anisotropy of collapsing masses plays an important role for black hole formation. Ref. [10] investigated the effect of anisotropy for PBH formation. In Ref. [10] , the production probability arising from the effect of anisotropy is given by β aniso (σ) as
with
where α, β and γ characterize anisotropy of collapsing matters, E(k) is the complete elliptic integral of the second kind and σ 3 = σ/ √ 5 4 . As written above, β inhom and β aniso have been calculated separately. In general, the production probability β inhom+aniso , which includes the effects of both inhomogeneity and anisotropy, depends on the four variables (α, β, γ, δ H ) in a complicated manner. However, if σ is sufficiently small, we speculate that one can obtain β inhom+aniso in the following manner. For σ ≪ 1, β inhom is given by Eq. (53) and β aniso is semi-analytically given by [10] β aniso ≃ 0.05556σ
Ref. [10] showed that most of the collapses which result in PBH formation must be nearly spherically symmetric. In this case, we expect β inhom+aniso may be given by the simple multiplication of β inhom and β aniso ,
Summary and Discussions
Based on Khlopov and Polnarev's pioneering study, we refined the criterion of PBH formation in the matter dominated era. In their formulation, PBHs are formed if Eq. (20) holds. As a first step to refinement of the criterion, we re-evaluated the condition of Eq. (19) and then obtained Eq. (22) . Next, to derive the improved criterion of PBH formation, we included the effect of causal propagation of information from the central singularity to the surface of a density distribution. By considering this effect, we revised the criterion Eq. (22) to Eq. (44). We found that when the value x characterizing the compactness of the configuration is small enough, the two criterions, Eq. (22) and Eq. (44), reduce to u 0.85x 3/2 and u 7.00x 3/2 , respectively. The large difference of the two coefficients implies that signal/information propagation must be taken into account to evaluate black hole formation appropriately.
As a main result, we have derived the production probability β inhom as a function of σ, the standard deviation of cosmological density perturbation. β inhom was calculated by applying the criterion of "instantaneous" (Eq. (22)) and of "causal" (Eq. (44)) and we have compared β inst inhom and β caus inhom to identify how the consideration on the signal propagation affects the production probability. We found both β inst inhom and β caus inhom are monotonically increasing functions of σ. We also found β inst inhom < β caus inhom , i.e., the consideration of the signal propagation increases the probability of black hole formation. This increase is intuitively reasonable because our new condition can count overlooked cases in which an apparent horizon is formed before the signal from the central singularity reaches the surface of the configuration.
Our new probability β caus inhom behaves as a power law of 3.6979σ 3/2 for small σ, where the power 3/2 was first derived by Khlopov and Polnarev [13] . This approximation is valid up to σ ∼ 0.05. For σ ∼ O(1), β caus inhom is approximated by using the error function of Eq. (55). On the other hand, for σ ≪ 1, β inst inhom behaves as Eq. (54) with the power 3/2 in the same way as β caus inhom . However, coefficients are different. β caus inhom is larger by about an order of magnitude than β inst inhom .
Before concluding this article, we emphasize that our formula for formation probability indeed evaluates the minimum rate for PBH formation because of the following reason: In this work, we derived our formula Eq. (44) from the condition Eq. (26) assuming conservatively that information of singularity formation propagates at the maximum possible velocity, i.e., the speed of light. However, it is expected that the smaller the propagation speed of information, the more PBHs tend to be formed. The slow propagation is indeed possible, e.g., sound speed of a fluid if we assume that the dust is composed of particles with small but nonvanishing velocity dispersion in reality. Even if the signal from the central singularity propagates to the observer at the surface before she or he becomes trapped in our model, it does not necessarily mean that black hole formation is prohibited in the corresponding realistic collapse. In fact, it is also likely that the effect of pressure gradient in the vicinity of the center just slows down the rise of the central density, while the evolution of the surrounding region proceeds as in our model so that the surrounding mass is accreted by the central region. In such a case, the collapse can still lead to black hole formation rather than naked singularity formation (or dispersion of dust particles) if the mass accretion results in a very compact central mass as discussed in Ref. [10] .
In Sec. 4.2 we have derived the probability including the effects of inhomogeneity and anisotropy, though it may be still complicated to take the effect of the spin into account. We leave analysis of the probability including the spin effect for future work.
